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Abstract

The conformal curvature Cp.q of a spacetime admits a potential L., known as the Lanczos
potential. The topic of this thesis is the formulation of the Lanczos potential in the spinor
formalism, where the high symmetry of the Weyl spinor ¥ 4pcp simplifies many calculations.
Various properties of the Lanczos spinor are discussed, the most important of which is the
Illge wave equation, which can be leveraged for a proof of existence. The formulation in the
Newman-Penrose and Geroch-Held-Penrose formalisms is also considered. Finally, spinorial
solutions of the Lanczos potential for some classes of algebraically special spacetimes are
discussed.

Zusammenfassung

Die konforme Kriimming C.q einer Raumzeit besitzt ein Potential L., welches als Lanczos-
Potential bekannt ist. Thema dieser Arbeit ist die Formulierung des Lanczos-Potentials im
Spinor-Formalismus, wo die hohe Symmetrie des Weyl-Spinors ¥ 4pop viele Berechnungen
vereinfacht. Verschiedene Eigenschaften des Lanczos-Spinors werden diskutiert, von denen die
wichtigste die Illge-Wellengleichung ist, welche auch zum Beweis der Existenz des Potentials
verwendet werden kann. Die Formulierung in den Newman-Penrose und Geroch-Held-Penrose
Formalismen wird ebenfalls behandelt. Zuletzt werden spinorielle Losungen fiir das Lanczos-
Potential von einigen Klassen von algebraisch speziellen Raumzeiten diskutiert.
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Chapter 1: Introduction

Under Einstein’s theory of general relativity, spacetime is represented through a pseudo-
Riemannian manifold (M, g) of Lorentzian signature. The curvature of such a spacetime, as
represented by the Riemann curvature tensor R,p.q, may be decomposed into two components:
the Ricci curvature Ry, := R and the trace-free Weyl conformal curvature Cypeq. While
the Ricci curvature is determined, through the Einstein field equations

_ 8nG

Rap — %Rgab = kT, R:=R"%, k: 1

C

by the energy-momentum tensor T, it is less clear precisely how the Weyl curvature is
generated. Based on the circumstance that vacuum spacetimes (T, = 0) are Ricci-flat and
the conformal curvature is thus their only non-vanishing component, we may deduce that it
is determined by the symmetries, as well as boundary and continuity conditions imposed on
the spacetime.

In 1962 Lanczos [21] found that the Weyl tensor can be explicitly generated in a differential
way from a third order potential Lap. with symmetries Lape = Ligpjes Liape) = 0, by

Cabed = 2Lab[c;d] + 2Lcd[a;b}
— (9acLva) = JadLve) + GbdLiac) — GocLady) (1.1)
+ 3L gape9ans

where L,? := 2L, . Equation (1.1) is known as the Weyl-Lanczos equation, while L. is
the Lanczos potential or spintensor. It is notable that the existence of such a potential does
not depend on the role of Cyeq as the conformal curvature, but is a result of its algebraic
symmetries. In fact, a potential of this kind exists for any tensor W4 satisfying

Wabed = —Wpacd = —Wabde = Wedas, Wa[bcd] =0 and Wcacb =0.

While the symmetries of the Weyl curvature are rather complicated in the tensor formalism,
the corresponding spinorial object ¥ apcp is fully symmetric with W 4pcp = V(4pcp), which
suggests that a spinor formulation of the Lanczos potential may be significantly simpler.
Indeed, the spinorial Weyl-Lanczos equation reduces to

Vapep = QVA/(ALBCD)AH

where Lapcar = L(apcya is the Lanczos spinor. This spinorial formulation, as well as
related properties and solutions, are the topic of this thesis.

This work is structured as follows: First, the remainder of this chapter contains a brief
overview of the spinor formalism, summarizing relevant identities and notational conventions.
Chapter 2 begins with a more detailed description of the Lanczos potential in the tensor for-
malism, followed by a conversion into the spinor formalism and a discussion of various general
properties that may be derived with it. Additionally, the problem is also formulated in the
Newman-Penrose (NP) and Geroch-Held-Penrose (GHP) formalisms. Chapter 3 discusses
spinorial solutions of the Weyl-Lanczos equation for certain spacetime classes. Finally, chap-
ter 4 summarizes and briefly discusses physical significance.



1.1 Spinor formalism

As we will be using the two-component spinor formalism extensively, this section provides a
brief summary of important identities and notational conventions. Spinors may be introduced
in a number of ways, here we are mostly considering them as an algebraic construction, and
will forgo a discussion of geometric interpretation and group-theoretic underpinnings. Unless
otherwise mentioned, we are following the conventions of Penrose and Rindler [25]. The

spacetime signature is (+, —, —, —).
A spin-space is a two-dimensional module &4 over C> complex fields, together with an
antisymmetric 2-form eqp = —epa acting as the metric. The metric defines a canonical

isomorphism with the dual space & 4 by
¢p=eaplt, =g,

where, due to the anti-symmetry of the e-spinor, some care has to be taken regarding the index
ordering conventions. Additionally, complex conjugation defines a canonical anti-isomorphism
with the primed spaces &4 and & 4 by

S=", =ty
The spinor indexes A, B,... and A’, B’,... are abstract indexes, in that they do not refer to
any particular basis. Spinor components in a specific basis will be written fat, such as £4.
A tensor index a is identified with the spinor index pair AA’. Because these are abstract
indexes, the Infeld-van der Waerden symbols ga**" do not appear.
Due to the low dimensionality of spin-spaces, anti-symmetrization over three or more
indexes vanishes. In particular €4gecp) = 0, from which follows the useful identity

2X..(ap) = X--c €aB,

which also implies that any trace-free index pair is symmetric.

The e-spinor relates to the spacetime metric by g, = €eapearp. The Levi-Civita tensor
is given by

€abed = VEACEBDEA'D'€B/C! — L€EADEBCEA/C'ER' D!

and the Hodge dual is defined as *Fy;, = %eadech. Under these conventions **Fj, = —Fyy.

Moving on to differential properties, the Levi-Civita covariant derivative V, can be ex-
tended in a unique way to act on spinors, such that it is compatible with e4p, that is
VAA/EBC — 0

Based on its algebraic symmetries, the curvature tensor R,.q may be decomposed into
spinorial quantities as follows:

Roped = [Yapcep + Aleapepc + €acenp)] earprecrpr + Papcrprearsecp + c.c. (1.2)

=:XaBcD

Here A is real and relates to the scalar curvature by R = 24\, ®4pap = P(apyarp) s real
and corresponds to the trace-free Ricci curvature, and Wapcp = V(apep) is complex and
corresponds to the conformal curvature. To be more specific, the Weyl tensor is given by

Cabcd = Vapcpeapecp +VYapopeaecn,

where the two terms are the anti-self-dual component ¥ and the self-dual component ¥ of
the Weyl tensor, respectively.

By the Ricci identity, the Riemann tensor appears when commutators of V, are applied
to tensors. Similarly, the spinorial curvature components appear when applying certain
commutators of the covariant spinor derivative. Defining the operators

Oap = VxiaVe) X, Owp = Vxa Ve~



we have that [J4p acts on a spinor ¢ by

DABqﬁCDE/F, = XABQCqbQDE o XABDQ¢CQE/F’

rC / ’ /
+ Dot b DQ o — Papp 9 ¢ Q'

and the action of 45/ may be obtained through complex conjugation. Additionally taking
into account the definition of X pcp from equation (1.2), we have the two useful special
cases

D(AB"?C) = —\IIABCDKJD and |:|ABI<LB = —3AI€A.

The Bianchi identity Vi, Ry;qe = 0 in the spinor formalism may be split into two equations
VB’A\I]ABCD = VA (B(PCD)A’B’ and VCA Peparp +3VppA=0,

where for our purposes mostly the first is of interest. Notably, in vacuum spacetimes (and
more generally, Einstein spacetimes) we have that V 5 apep = 0.
Finally, the Weyl spinor (like any totally symmetric spinor) may be decomposed as

1 .2 .3, 4
VABCD = K(AKBKCK D),

where the k' are referred to as principal spinors (with corresponding principal null directions).
By the Petrov classification, we then say that ¥ is of a certain Petrov type, if no (type I),
two (type II), two pairs (type D), three (type III) or four (type N) principal null directions
coincide. In case of ¥ = 0 the spacetime is conformally flat (type O).



Chapter 2: Properties

This chapter will first provide an overview of Lanczos potentials in the tensor formalism,
including some historical context. Next, the translation into the spinor formalism will be
covered, and properties of the Lanczos spinor will be discussed. These include the Illge wave
equation, which is also used to prove the existence and uniqueness of the potential. Finally,
the formulation in the NP and GHP formalisms is considered.

2.1 Lanczos potentials in the tensor formalism

The object nowadays referred to as the Lanczos potential originates from a 1962 work by
Lanczos [21], wherein the splitting of the Riemann tensor into its self-double-dual S and
anti-self-double-dual A components

* % * %
Sabcd = Rabcd + R abed> Aabcd = Rabcd - "R abed

is investigated. Lanczos observed that while the self-double-dual component! is generated by
the Ricci tensor and the metric through

Sabcd - (Rac - %Rgac)gbd + (Rbd - %Rgbd)gac - (Rad - %Rgad)gbc - (Rbc - %Rgbc)gaab

no such relationship for the anti-self-double-dual component is known. Lanczos endeavored
to find a similar generating function for Agp.q. We will only sketch the derivation here, as the
variational angle from which the problem is approached is not very relevant for our further
considerations.

Lanczos considers a variational problem where and g, are a priori independent
variational variables. To obtain a first-order Lagrangian, I';, is also included as a variational
variable. Of course, these quantities are not actually independent, so that a number of
constraints have to be enforced using Lagrange multipliers: these are the Bianchi identity
* Rrabed .4 = 0, the use of the Levi-Civita connection I'g, = {5}, as well as the particular
relat1onsh1p between the Christoffel symbols and the Ricci tensor. This yields the Lagrangian

*R*abcd

El _ E(*R*“de,gab) + Labc*R*abcd Pab {ab}
+ pab(Rab + Fgc,a - Zb c + FCdF I‘CbF )

Additionally, *R**°? has to satisfy the usual algebraic symmetries, which are not included
in the Lagrangian, and will be imposed after the variation instead. Lgpe, P®. and p® here
are the Lagrange multipliers for the constraints on * Rrabed I'Y) and gqp, where Ly is anti-
symmetric in ab, while P*, and p® are symmetric. *R*®°? has 20 independent components,
while its conjugate Lgp. has 24. To match up the degrees of freedom, Lanczos imposed the
(somewhat arbitrary) condition L4 = 0.

The base Langrangian was chosen as £ = %*R*adeRabcd, which Lanczos has previously
shown to vanish identically under variation of g, [20], thus avoiding the imposition of any

'Due to different sign conventions, the meaning of the self- and anti-self-double-dual parts is interchanged
compared to Lanczos work.



particular field equations. Variation of £’ with respect to *R**°? an application of its

algebraic symmetries and a longer calculation yield an expression for Rgpeq in terms of Lgpe,
Ry and g4 only.

However, the terms containing R, coincide with the trace terms that are excluded from
the Weyl tensor. As such, the resulting expression for the Weyl tensor depends on L. (and
the spacetime metric) only:

Cabed = 2Lap[e;d) + 2Lcdjazh)
— (9acL(va)y — JaaL(be) + vaLiac) — GocLi(ad)) (2.1)
+ 4 L™ gagegap,

with Lg% := 2L, bk This is precisely the Weyl-Lanczos equation already mentioned in the
introduction, with L. referred to as the Lanczos potential and having symmetries Lqp. =
L[ab]c and L[abc] =0.

To return to the original motivation, the Weyl tensor is related to the anti-self-double-
dual component of the Riemann tensor by Cuped = Aabed — %R(gacgbd — Gad9bc). What has
been achieved here, is a splitting of the Riemann tensor into two components, one that is
generated in an algebraic manner from the Ricci tensor R, and one that is generated in a
differential manner from the Lanczos potential L.

The Lanczos potential in this definition has 20 independent components, while the Weyl
tensor only has 10. The 10 additional degrees of freedom are typically split into two gauge
fields, the algebraic gauge x® and the differential gauge F:

x& = L%, (2.2)
Fob = [obe (2.3)

The particular choices of x* = 0 and F® = 0 are known as the Lanczos algebraic gauge and
Lanczos differential gauge respectively. Publications will commonly assume that Lanczos
potentials satisfy one or both of these, sometimes without specifying this explicitly. While
the Lanczos algebraic gauge can always be easily achieved through the transformation

A

Lape = Lape — %Xagbc + %ngam

which yields Loyt = 0 while leaving the Weyl-Lanczos equation invariant, there is no general
way of transforming a Lanczos potential to satisfy the Lanczos differential gauge.

In 1982 Bampi and Caviglia [7] pointed out that Lanczos’ derivation does not constitute
a proof of existence: Lanczos has shown that equation (2.1) is the Euler-Lagrange equation
of a certain functional, but this does not by itself guarantee consistency. Bampi and Cav-
iglia proceeded to provide a local existence proof using an entirely different method, namely
Cartan’s local criteria of integrability of ideals of exterior forms.

Additionally, they showed a number of important facts: First, the existence of the Lanczos
potential does not depend on the geometric meaning of the Weyl tensor. Instead, any tensor
Wapea satisfying the algebraic symmetries of the Weyl tensor

Wabcd = _Wbacd = _Wabdc = chaba Wa[bcd] =0 and Wcacb = 07 (24)

admits a Lanczos potential. To clearly distinguish this case, Wq is commonly referred to
as a “Weyl tensor candidate” and Ly, as a “Lanczos potential candidate”.

Second, the differential gauge F* = F[9 can indeed be fixed arbitrarily, without affecting
existence. This justifies the validity of imposing the Lanczos differential gauge L. = 0,
though it should be noted that imposing this gauge condition may make it significantly harder
to find explicit solutions. And finally, they showed that a similar (analytic) potential for the



full Riemann tensor (that is, if the last condition in (2.4) is relaxed) does not exist in the
general case.
The Weyl-Lanczos equation (2.1) may also be written in the alternative form [27]

Cabed = Lab[c;d] + Lcd[a;b] - *LZb[c;d] - zd[a;b] - %Lklkﬂga[cgd]b' (25)

While this form is less convenient for actual calculations, it highlights the structure of the
construction, and makes certain symmetries more evident. For example, it is clearly visible
that Cypeq is anti-self-double-dual, and that Cupeqg = —Cracd = —Coabde = Cledap holds.

2.2 Lanczos potentials in the spinor formalism

We will now translate the tensorial objects and equations from the previous section into
their spinorial counterparts. A spinorial formulation of the Lanczos potential was first given
by Maher and Zund in 1968 [23]. Some authors attribute the first spinor formulation to
Taub instead, who (independently) provided a spinor formulation in 1975 [29]. We follow the
general approach of Maher and Zund here, though we will refrain from imposing the Lanczos
gauge conditions initially.

Lanczos spinor Due to the skew symmetry Lgpe = Lijgp) and reality of the Lanzcos po-
tential, we may decompose it into?

Lope = LaaBpcc’ = Lapccrearp + Lapcrceas,

where
1 Al - _
Lapccr = 5Laap” oo satisfies  Lapoc = Lapyccr-

The cyclic property Lz = 0 may be more conveniently written as *Lap? = *Lapeg® = 0,
which implies
0= (—iLapocrean +iLapocean)ePC el

! /

. e / . e
= ZLABCA/EBC — ZLA/BlclAGB ¢ = ZLABBA/ — ZLA/B/B A-

Defining L 44/ := Lap® 4 this reduces to the constraint L 44 = L44/. The Lanczos algebraic
gauge Lgb = 0 corresponds to

’ ’ — ’ — ’
0=Laapp®? =LapPPean +Lap®Peap=—Lap®a —Lap? 4,

that is Lya = —L . Together with the circular property this is only satisfied by Laa =
Lag® 4 = 0, which implies that Ligccr = L ABC)cr- With the existing symmetry on the
first index pair, this makes L fully symmetric with Lapccr = Liapcycr-

The increased symmetry simplifies many calculations and an arbitrary potential can al-
ways be easily converted into the Lanczos algebraic gauge. Thus the general convention in
the literature is to include this gauge condition in the definition of the Lanczos spinor. Unless
explicitly noted otherwise, we will follow this convention.

2To stay consistent with modern conventions, the definition of the Lanczos spinor differs from Maher and
Zund by a factor of two.



Weyl-Lanczos equation For the conversion of the Weyl-Lanczos equation we will briefly
return to the more general form of the Lanczos spinor that does not include the Lanczos
algebraic gauge. Writing out equation (2.1) in spinor components yields

Cabed = Y apcpearpecp + Y arpicrpr€ABECD
= Voo (Lapccrean + Lapcrcear) — Voo (Lapppeas + Lap ppean)
+ Vep(Lepanecpr + Lorpraraccp) — Vaa(Lepppecp + Lerp g secp)
— seaceac(Lpppp + Lpppp) + seapean (Lppoc + Locppy)
— sespepp(Laxce + Locraar) + sescepicr(Laapp + Lppraa)
+ %VLL’LKK’LL/KK’(GAC€DB€A’C’6D’B’ — €EADECBEA' DIEC'B!),

where it should be noted that L 4gc¢ refers to the Lanczos spinor, while L 4 4-gps refers to
the shorthand Lg,. Transvecting with eA'B'eC'D" regults in

4V spop = 2V p© Lapeer +2Ve? Lappp + 2V Lopaa +2Va® Loppp

B’D’( c’

1 1 B’
— €ACE Lpppp' + Lppp') — 5€ape” = (Lppcc + Leorpr)

1 c’ A’D’(

—5eBp€” " (Laarccr + Locraar) — seBce

Laapp + Lppraar)

— AV L LY i (eaceps + eapecs).
Without using the algebraic gauge condition, simplifying this expression explicitly is rather
tedious. As such, a derivation using explicit algebraic manipulation has been relayed to
Appendix A.1. We can however arrive at the same result using a simple symmetry argument:
Using Y apcp = Y (apcp) we may symmetrize the right-hand side of the equation, in which

case all terms involving the anti-symmetric e4p spinor vanish, while the first four terms
become identical. As such, this expression reduces to

Uapcp =2Va™ Lpopyar, (2.7)
the spinorial Weyl-Lanczos equation.

Gauge conditions Clearly the Weyl-Lanczos equation stays invariant under gauge trans-
formations of the type

IA/ABCA’ = Lapca + €acXBar + €BoXAA, (2.8)

where x 44/ is real (to preserve the circular property). Noting that
Lap®a = Lap® 4 + 3xaa,

a choice of xy44 = —%L a2 4 will result in a Lanczos spinor in Lanczos algebraic gauge.
This reaffirms the earlier choice to include the algebraic gauge condition in the definition of
the Lanczos spinor, and we will return to this convention now.

The more interesting gauge freedom is given by the differential gauge F® = Labc;c. Using
anti-symmetry and reality we may write

’ / 1Rt —A'B
FAA BB' _ FABﬁAB +F EAB,

with Fap = Fi4p), so that the gauge condition becomes

7A/B/ *AIB,C/C
FABGAIB/ +F 6AB -V LABCC’GA/B’ +7 EAB).

cor(

Transvecting with €45/ yields
FAB = Voo LABCC.



‘We observe that

Fop = eapVPP'L = V" Lopap — Va¥'L
€ABL'CD = €AB CDEE' = VB LCDAE A~ LcpBE,
and consequently
E E
eastop) =V~ Lepyap —Va~ Lpepe-

As such, the Weyl-Lanczos equation may be written as

Uapep = 2V(a” Lpepys = 3Va” Lecpe + 3V Lopyap:
=2V Lpcpw + seasFon)- (2.9)

This form will be simpler for some of the following calculations. It is also noteworthy that
for the Lanczos differential gauge Fap = 0, the Weyl-Lanczos equation reduces to

A/
VYagcp =2V A" Lpcpar.

2.3 Wave equation, existence and uniqueness

One of the most significant results that have been first derived using the spinor formalism is
the Tllge wave equation [19], which in vacuum and Lanczos differential gauge may be written
OLsccr = 0, and thus also OLg,. = 0. A more complicated wave equation derived using
the tensor formalism

OLgpe = 2Ld€fg[a|c|Cb}def - 2L[adECb]edc - %Ldecheab

was previously known, but based on Illge’s result it was then found that the right hand side of
this equation vanishes identically in four dimensions [13]. In this section, we will discuss the
wave equation, an existence and uniqueness proof based on it, as well as some conceptually
related superpotential constructions.

2.3.1 Wave equation

Differentiating the Weyl-Lanczos equation as written in equation (2.9) yields

VAYG upop = 2VAYVAE Lpopp + %VAAIGA(BFCD)
= oVANV A Lpopp + 2VANY A5 Lpcpe + 3V (5 Fop
= "Y' OLgepp — 2@ P 5 Lpcpp + 0P P oLpppe:
+ M E p Lpcpr + 30" Lpcpr) + 3V Fop)
= ~OLpep™ — 604Y'E 3Lopypw — 6ALpep™ + 3V 5™ Fop). (2.10)

Per the spinorial Bianchi-identities it holds that VA 4 W agcop = V(BE/‘I)CD)E/A'- Substitut-
ing this expression results in

ULpepar + V(BE/(I)CD)E’A’ + 6(I)A’E’E(BLCD)EE/ +6ALpcpa — 3V asFep) =0,

which is the general Illge wave equation. If the spacetime is vacuum (® sp4/pr = 0, A = 0) and
the Lanczos spinor is in Lanczos differential gauge (Fap = 0) this reduces to the previously
mentioned form

ULapccr = 0.



2.3.2 Existence and uniqueness

Existence and uniqueness (in a specific sense discussed in the following) of the Lanczos po-
tential was first shown by Bampi and Caviglia [7]. However, their proof is mathematically
rather involved and utilizes methods not commonly seen in general relativity: in broad terms,
the Weyl-Lanczos equation is lifted into a system of exterior differential equations in 124
dimensions and then the existence of an involutive integral manifold is shown using local
integrability criteria due to Cartan.

A simpler proof using the spinor formalism and the theory of hyperbolic systems was later
provided by Illge [19]. Because of the reliance on the spinor formalism, this proof is valid
only for spacetimes, while the proof of Bampi and Caviglia is signature-independent.

Theorem 1 (Existence and Uniqueness, Illge 1988)

Given spinor fields Wapcp = Wiapcp) and Fap = Fap), as well as Lagoor = E(ABC)C,
defined on a spacelike smooth hypersurface ¥ only, there exists a neighborhood of ¥, in which
the system

Wascp = 2V (a” Lpopye
Fpe = V™ Lapca

has one and only one solution Lapccr = Liapcycr such that Lis, = L.

Of course, for Wapcp = Yapep this corresponds to a solution of the Weyl-Lanczos
equation. We will now outline Illge’s proof, as it is rather straightforward and gives us some
insight into the structure of the problem. First, we may rewrite this system in the form of
equation (2.9):

Wascp = 2V a¥ Lpcpp + SeasFop).- (2.11)

The proof will also make use of the wave equation (2.10), here reproduced for the general
case using W instead of U:

0 = DLBCDA’ + GQA/E/E(BLCD)EEI + GALBCDA’ + VA/AWABCD - %VA’(BFCD)' (212)

We now denote the future-directed unit normal field of ¥ by n® (with nen® = 1) and the
normal derivative operator by V, := n?V,. The tangential derivative is then given by

Va := V4 —n,V,. Restricting equation (2.11) to ¥ and expanding V,, yields

E' < E
na” VaLpopp s = Wapcpjs — 2Va” Lpepes — SeaFop)s-
Multiplying by n*z and using that due to normalization naZ ndp = %EE/ Fr, we obtain an
expression for V,, L5, depending only on the values of W, F and L on the hypersurface. This
means that given L, there is a unique VL, such that equation (2.11) is satisfied on .

As we now have both Ly = L and Vn Ly as initial data, the theory of hyperbolic systems
guarantees that the wave equation (2.12), which is a linear, diagonal, second-order hyperbolic
system, has a unique solution L in a neighborhood of ¥ (see for example Theorem 10.1.2 in
[34]). From the structure of the wave equation it is also clear that the solution must have
symmetry Lapccr = Lapc)cr- What remains to be shown is that this L is also a solution
of the Weyl-Lanczos equation (2.11) itself, or equivalently, that

napcp =2V a Lpcpm — Wapep + seasFep)

is everywhere vanishing. We already know that 75, = 0, as equation (2.11) is satisfied on X.

Additionally, L being a solution of equation (2.12) corresponds to VAA/UA Bop = 0. Together



with 75, = 0 this implies that V,, Lj5; = 0 as well (from V,, = n*(V, — V.)). Differentiating
again we have:

0=VaeV*¥ar'scp = VaprV* gn'scp + VaeVy an'sep

= YepaOn®gep — 3Angsep — 3Xpas' 1 cpyr

= —30nesep + 3V arpan™ cpy — 3AMEBCD + N(BeD)E + €R(BN" CD)YF)-

This is another another linear, diagonal, second-order hyperbolic system, as such the solution
n = 0 satisfying niz = Vy,nx = 0 is indeed the only solution. As such, the obtained L also
solves equation (2.11), concluding the proof.

The last step in the proof gives us some insight into the role of the wave equation: If we
can satisfy the Weyl-Lanczos equation on a single hypersurface, then the wave equation is
sufficient to extend this into a complete solution. We will further discuss the wave equation
as a sufficient condition in section 2.3.4.

While the proven theorem only makes local statements (within a causal neighborhood to
be precise), the result can be extended to a global statement for a relatively large class of
spacetimes: Assuming existence of a global spin structure, if the spacetime is also globally
hyperbolic and the hypersurface ¥ is a Cauchy surface, then we have a globally unique
solution (in the sense of Theorem 1).

Finally, it should be noted that the result proven by Illge is somewhat stronger than what
was presented here. The proof generalizes in a straightforward manner to potentials of higher
order, yielding the following theorem.

Theorem 2 (Generalized Existence and Uniqueness, Illge 1988)
Given a spacelike smooth hypersurface ¥ and spinor fields

Waa,. 4,8, 8, =Waa,. . a,)B]..B)
Fa,..a,8;. 8, = Fla,..a,)B)..8,)
La,..a,m a0 = Lay..a,) B, B,)a on X only,

there exists a neighborhood of 33, in which the system

A/
Waa,..a,8,. 8B, =2V(a" La, a,)a

AA’
Fa,. a,8,.8B, =V"" Laa, a,B,. B A
has one and only one solution LA1...A7LB{...BL,LA’ = L(A1---A7L)(B{...B;H)A’ such that Lz, = L.

It should be emphasized, however, that in the presence of both primed and unprimed
indexes, the resulting potential is no longer fully symmetric (in the above formulation, the
symmetry does not include A’). Requiring complete symmetry imposes an additional alge-
braic constraint on the differential system.

2.3.3 Superpotentials

Given these fairly general results on the existence of spinor potentials, it should come as
no surprise that it is possible to construct higher-order potentials for the Lanczos potential
itself. Two such constructions have been investigated by Andersson and Edgar [4].

The first potential that can be constructed is

Lapcc = Ve’ Tapep, (2.13)

with symmetry Tapcp = T(apc)p- This potential always exists due to the complex conjugate
of Theorem 2 (with n = 0 and m = 3). This potential does not appear to be particularly
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useful for finding Lanczos potentials, but it can be leveraged for a very simple existence proof,
given in [4]: Supposing that L may be written in the form of equation (2.13) (but without
making use of the known existence theorem) the Weyl-Lanczos equation becomes

Wasep =2V 4" Lgepye =2V 4" V" Tisen)e,
which may again be written as a linear, diagonal, second-order hyperbolic system

0=0Tscpa — 6V a"“Tepyor + 6A(€asTopye” + Tapep) + Teepa)
— SeasFop) + Wasep,

which exhibits the desired symmetries and must have a (local) solution. This proof is some-
what simpler than that of Illge, because the Weyl-Lanczos equation directly serves as the
hyperbolic system, rather than using two derivatives of it as auxiliaries. On the other hand,
this is only a proof of existence, it does not make any statement on uniqueness.

The second potential that may be constructed is

Lapca = Va® Hpoywp, (2.14)

with symmetry Haparpr = Hapyap)- Theorem 2 does not guarantee the existence of
such a potential, because H is assumed to be fully symmetric here (including the primed
indexes). In [4] it has been shown that such a potential always exists in Einstein spacetimes,
where ® 4parpr = 0. However, certain non-Einstein spacetimes are known to have Lanczos
potentials taking this form as well [2] [32]. As we will see in section 3.2, solutions of this form
tend to have interesting properties.

2.3.4 Wave equation as a sufficient condition

For vacuum spacetimes and under Lanczos differential gauge, the wave equation (2.12) reduces
to
0=0OLapca + Va®Wapen, (2.15)

where Wypep = QV(AAlLBCD)A/. If Wapep = Y apep then by the vacuum Bianchi iden-
tities we have that VA/DWABCD = 0 and thus OLsgcar = 0. As such, 0L gca = 0 is
a necessary condition for L to be the Lanczos potential of the Weyl spinor ¥ in particular,
rather than of some arbitrary “Weyl candidate” W. In [14] Edgar and Héglung now consider
the question, under which circumstances it is also sufficient.

If OLpepar = 0 then we have from equation (2.15) that Va3AWagep = 0. This type
of equation has previously been analyzed by Bell and Szekeres [8], where it was found that
for vacuum spacetimes of “sufficient generality” it is only solved by constant multiples of the
Weyl spinor. Since a constant factor may be easily absorbed into L, we may say that in this
case (UL agpcar = 0 is indeed a sufficient condition to obtain a Lanczos potential of the Weyl
spinor.

Vacuum spacetimes of “sufficient generality” here refer to algebraically general spacetimes
that do not satisfy a certain strict condition given in [8]. If the condition is satisfied or if
the spacetimes is algebraically special, then the solution of V4 4Wapcp = 0 may also have
additional independent components. As the spacetimes we are usually interested in tend
to be algebraically special, the wave equation JLgopar = 0 is not particularly useful as a
sufficient condition for practical purposes.

2.4 Behavior under conformal rescaling

As the potential of the conformal curvature, it is interesting to consider whether the Lanczos
potential is well-behaved under conformal rescalings. A conformal rescaling

guy = Q2gum
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for a (nowhere vanishing) field €2 leaves the conformal curvature invariant, such that U ABCD =

Vapcp. The corresponding change of the e-spinor is given by éap = Qeap. To avoid

ambiguity as to which e-spinor is in use, all contractions will be made explicit in the following.
The covariant derivative transforms by [25, ch. 5.6]

VaacB = VancB + Y pceseC
Vanép = Vanép — Yapeao = Vanép — Yapéa,

where T 440 = Va4 In 2. The Weyl-Lanczos equation for the new metric is then given by:

Uapep = 2€E’A/$A’(AIAJBCD)E'
= 2" YV yalpepyp — 3T aalpopye — Te(aLpopal

=207 F YV yaLlpopys — 2Y walpepyp]-
Finally, we may observe that for a spinor field X of arbitrary valence

OV a0 (Q7FX) = Vau X + (—k)QFQ 1V 400) X
= VAA’X — ]{(VAA/ IHQ)X
= VAA'X — ]{,’TAA/X,

so that the rescaled Weyl-Lanczos equation may also be written
QO "W apep = 267V 4 Lpopypr)- (2.16)

Unfortunately, the additional factor of Q~! before 0 prevents us from establishing a direct
relationship between a Lanczos potential for the original metric and one for the rescaled one.

We may however note that for a conformally flat spacetime g, = an,w, where 7, is the
Minkowski metric, we have ¥ = ¥ = 0, so that the additional factor does not matter. As
such, given a Lanczos spinor L for the Minkowski metric, we know that L apcar = P Lagca
will be a Lanczos spinor for QW.?’

Generalized Lanczos potential In [22] a generalized notion of the Lanczos potential is
considered, where next to a symmetric spinor Ly BCA/, additionally a scalar field f may be
chosen, such that N

F"Wapep =2V Lpopyar. (2.17)

Comparing with equation (2.16), we can see that a generalized Lanczos potential (E ABca, f)
for a spacetime g, yields a (non-generalized) Lanczos potential Lapcar = f>Lapcas for the
spacetime f2 G-

In [22] solutions for vacuum type D spacetimes are given where f is chosen to be \Ilé/ % or
\Ifg/ 3, By the previous result, this corresponds to proper Lanczos potentials for the spacetimes

\Ilg/ 3gW and \I/;L/ 3gw,, which are of course significantly different from g,,,. For this reason,
the utility of considering such a generalized potential is questionable.

2.5 Newman-Penrose formulation

While the spinor formalism is very useful for investigating general properties of the Lanczos
potential, the solution of the Weyl-Lanczos equations for specific spacetimes may benefit from

3In section 3.1 we will find that Ligca = Varaxpe) for symmetric xpc is a Lanczos potential for
conformally flat spacetimes. It is easy to verify that this may be written Lapcar = QQQA/(A[Q%)(BC)], which
is consistent with the result obtained here.

12



considering a particular, geometrically chosen dyad and projecting the involved quantities
onto it. This general approach, and the accompanying notation, is known as the Newman-
Penrose (NP) formalism. In the following we will outline the NP formulation of the Lanczos
potential, which first appeared in [23]. The derivation here follows the notation of O’Donnell
[24], but does not restrict to the Lanczos differential gauge.

Given a normalized dyad {0, :4}, the Lanczos scalars L; are defined as follows (in some
references with an extra sign):

!’ !’
Lg = LABCCIOAOBOCOC L4 = LABCC/OAOBOCLC
! !
Ly = LABCC/OAOBLCOC Ls = LABCC/OAOBLCLC
B C C, B,CC (2.18)
L2 LABCC”O Ll LG LABCC/O Ll

CC’

CC’

L3 = Lapccn™B L7 = Lapccn™B

The Lanczos spinor may be reconstructed from these scalars by

LABCC’ = LoLALBLcLC/ — 3L1L(ALBOC)LC/ + 3L2L(AOBOC)LC/ - L30AOBOCLC/

— LytatpLooc + 3L5L(ALBOC)OC/ — 3L6L(AOBOC)OC/ + Lroq0000¢:.

Let the symbol ea? with g = 04, 614 = 14 collectively denote the basis, and e4® the dual

basis (with ealesB = eaB). Using these symbols we may now expand the Weyl-Lanczos
equation in this basis. As the ex” symbols do not commute with the covariant derivative,
this requires application of the Leibniz rule:

U

B D S T U _V
Uanep = 2ea’esPecCep?Vu P (LsruviesSecTepy Ven V)

=2ea”es®ecenen Y e55ecTepVV 4 Lsruvy
+ 3LSTUV’6E’V/E(CTGDUVAEIGB)S
+ LstuvresSecTepVV ) P ep V']
=2[V(aY Lecpyv' + 3Lscpjves” VA) ‘epS + L(BCD\V/|fE’E/vA)EIGE’VI]

!/

e |

L(BCD|V/7X'\A)E'V J.

2
2[V(A 'Lcpyv — 3LS(CD|V’|’7AV B)° — LcDv/ [T A)
2

[V V(A|X’|LBCD)V’ — 3¢V LS(CD|VI\’YA\X/|B)S — P

In the final steps the spin coefficients 74 '8¢ = —eB®Vaa/ep€ have been introduced. At
this point, it is straightforward (if somewhat tedious) to explicitly evaluate this result for the
relevant combinations of dyad index values 0 and 1. This yields the Weyl-Lanczos equations
in the Newman-Penrose formalism:

$Wo=06Ly— DLy — (@+ 38 —7)Lo+30Ly + (3¢ — €+ p) Ly — 3KLs

20y = 30L1 —3DLs — 0Ly + ALy — 3y +75+3u—m)Lo— 3@+ 3 —-7—7)[1
+60Ls+ (3a—B+3m+7)Ly+3(c—€+p—p)Ls — 6kLg

Uy =Ly — DL — 6Ls + AL —vLy— 2u—fi+~v+7) L1 — (@— B —7 — 27) Lo
+oL3+ A4+ (a—B+2r+7)Ls — (e+E—p+2p)Le — kL7

QW3 = §L3 — DLy — 30Lg + 3ALy — 6vLy + 3( — pn+ v — 7) Lo
—(@—-38—-37—m)L3+6\Ls —3(a+B3—T—7)Le— (3¢ +€—p+3p)Lr

30Uy = ALy — 6Ly — 3vLo+ (B+ 3y —7)Ls + 3A\Le — B+ B — 7) L.

(2.19)

2.5.1 GHP Formulation

The Geroch-Held-Penrose (GHP) formalism [16] is an extension of the NP formalism, which
uses the transformation behavior of weighted scalars to achieve a more compact notation. As
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the GHP formalism is less well known than the NP formalism, we will briefly summarize the
concepts and notations behind it.

Given a dyad {o?,:4}, normalized such that 04:4 = 1, the most general transformation
preserving both the normalization and the flagpole null directions is

ot = ot A aThA, (2.20)

where A is an arbitrary (nowhere vanishing) complex field. If under this dyad transformation
a scalar 7 transforms by -
n— APA%,

then it said to be a weighted scalar of type {p,q}. The weighted spin coefficients have the
following types:

k:{3,1}, o:{3,-1}, p:{1,1}, 7:{1,-1}
kK {=3,-1}, o :{=3,1}, p :{-1,-1}, 7' :{-1,1}.

The prime operation here effects the replacement

(2.21)

. . ’ LA ’ i ’
o=, A esio?, oV e —i, A = —io?
and in particular we have that
K=-v, o=-\ p=—-p 7=-x

The remaining spin coeflicients «, 3, € and -y, as well as the standard NP differential operators
are not well-behaved under the transformation (2.20). However, it is possible to combine both
to define a new set of weighted differential operators, which act on a {p, ¢} weighted scalar 7
by:4

bn=(D—pe—qe)n,  bn=(A-py—a7)n

an=(6—pB—qay, dn=(©-pa—qBn

These operators have weights
b : {17 1}7 b/ : {_17 _1}7 0: {1a _1}a 6, : {_17 1}7

which combine additively with the weight of the scalar they are applied to.
We can now read off the weights of the Lanczos scalars directly from their definition in
equation (2.18)
Lo : {3,1}, Ly :{1,1}, Lo : {-1,1}, L3 : {-3,1}, (2.22)
Ly:{3,—-1}, Ls:{1,-1}, Lg:{-1,-1}, L7:{-3,—1}, '
and also determine that the prime operation acts on them by

Li=—L;;, 0<i<T.

Furthermore we note that ¥, = ¥,_; 0 < ¢ < 4. The NP Weyl-Lanczos equation (2.19)
can now be translated into the GHP formalism by substituting the new set of differential

4p is pronounced “thorn” and & is pronounced “eth”. These letters were used in Old and Middle English.
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operators and making use of the primed symbols:

Wy =0Lo+ DL — 7 Lo+ 30Ly — pLy + 3kL)

20, = 30Ly +3bLy + 'Ly + b Lo — (o' —3p')Lo — 3(F — 7)1
+60Ly + (37" —7)L5 + 3(p — p) Ly + 6xL)

Wy =0Ly +bLy + 0Ly + P Ly + K Lo — (p — 20" )L1 — (7 — 27) Lo

+oLs+ o' L+ (27 —7)Ly + (2p — p) L] + KLj,

20 =0Ls + bL{ + 30" L} +3p' Ly + 6K'Ly — 3(p' — p')La — (7' — 37) L3
+60'Ly+ (37" —7)Ly + (3p — p) Ly,

$UG =Db'Ls+ 0Ly +3k'Ly — p'Ls + 30'L — 7L,

(2.23)

The resulting GHP Weyl-Lanczos equations are somewhat simpler than the NP variants.
Additionally, we can see that the last two equations are actually just the primed versions of
the first two, so that we may, in principle, use the first three equations only and obtain the
remainder by priming.

However, it should be emphasized that in the general case primed and unprimed quantities
are entirely unrelated. In particular, it is not valid to take an expression for n and obtain 7’
simply by priming its constituent parts. For this reason it is useful to retain all five GHP
Weyl-Lanczos equations, as it avoids confusion when switching from generic scalar symbols
to specific values for scalars.
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Chapter 3: Solutions

While the previous chapter discussed general properties of the Lanczos potential, this chapter
will investigate solutions of the Weyl-Lanczos equations for particular classes of spacetimes.

The term “solutions” here may refer to two different problems: Firstly, finding some
Lanczos spinor Lpccr for a given spacetime with Weyl spinor ¥ 4pcop. Secondly, assuming
some Lanczos spinor L is already known, characterizing the remaining differential gauge
freedom, by finding a symmetric M apccr, such that IAJABCC" = Lapccr + Mapcocr is still a
Lanczos potential of V.

This is equivalent to solving 0 = V A M Bop)er- While this formally resembles the Weyl-
Lanczos equation for conformally flat space (¥ = 0), the problems differ significantly, as the
covariant derivative used here is not conformally flat in the general case.

As will be seen, both problems are somewhat orthogonal, in that in some cases we know
solutions for the former but not the latter and vice-versa. Only in the case of conformally flat
spacetimes both problems are solved “completely”, in the sense that all degrees of freedom
are accounted for.

3.1 Some algebraically special spacetimes
We will begin by considering the simple ansatz

Lapoa = 1V a/(AXBC), (3.1)

where xAp = X(4p) is an, at this point, arbitrary symmetric spinor field. This is the spinorial
equivalent of the tensor ansatz

Labc = 2Mab;c + Mcb;a - Mca;b + gcaMbk;k - gchak;lm (32)

with My, antisymmetric, investigated by Chrobok [12]. Appendix A.2 establishes the re-
lationship between the spinor and tensor versions, as well as the resulting Weyl-Lanczos
equations. Inserting (3.1) into the Weyl-Lanczos equation we have

Uapep = 3V Viasxep) = —i0wmsxen) = Yo xp)e- (3.3)

This provides a nice illustration for the simplifying power of the spinor formalism when
applied to Lanczos potentials: while the equivalent reduction of the Weyl-Lanczos equation
for the tensor ansatz requires a lengthy calculation, the result is immediate if the spinor
formalism is employed.

Clearly, equation (3.3) is identically satisfied for conformally flat spacetimes, in which
case xa4p may be chosen arbitrarily. To obtain solutions for additional spacetime classes, we
will switch into the Newman-Penrose formalism. Given a dyad {o*, 4} normalized such that
oatd = 1, we may project the involved quantities into scalars

Vapcep = Yoratptotp —4V10atpiotpy + 620 40BL0L D)
- 4\1130(A0300LD) + W4040B000D

XAB = X0LALB + 2X10(atB) + X2040B,
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where the ¥, are the Weyl scalars and xg = XABOAOB, X1 = XABOALB, X2 = XABLALB.

Inserting into equation (3.3) and comparing coefficients yields the following system of equa-
tions:

Vo= xo¥1+ x1%o+ 0
—4¥ = =3xo¥2 — 2x1¥1 + x2¥o

6Ws = 3xoVs3+ 0—3x2¥, (3.4)
—4V3 = —xoW4+2x1¥3 + 3x2¥2
v, = 0— x1¥s— x2VUs.

If the spacetime is Petrov type N and we choose 04 to be a principal spinor, then only ¥, is
non-vanishing and the system reduces to

0=—xo¥s, ¥i=-x1Vs
This is solved by xg = 0,x1 = —1 and x9 arbitrary. We may write

Lapcar =Vara [—%LBOC) + 040300)} ; (3.5)

where « is an arbitrary complex field and ¢ is an arbitrary spinor field satisfying o4¢4 = 1.
If the spacetime is Petrov type IIT and we choose 0 as a repeated principal spinor and
A as a singular one, then only U3 is non-vanishing and the system reduces to
0=3x0V¥3, —4¥3=2x1¥3, 0=—x2Vs.
This is solved by xo = x2 = 0, x1 = —2 and we may write

LABCA’ = —VA/(A(LBOC)). (36)

Similar solutions for Petrov types D, II and I do not exist: these have canonical forms with
Uy = U3 =0 and Wy # 0 [26, p. 240], which is clearly incompatible with the third equation
of system (3.4).

However, for Petrov type D spacetimes we can at least obtain a solution to the gauge
problem 0 = V(AE/MBCD)E/, using the same ansatz Mapca = %VA'(AXB(J)- In this case
the calculation is essentially the same, with the difference that the left-hand side of system
(3.4) becomes zero.

If the spacetime is Petrov type D and o? and (4 are chosen as independent principal
spinors, then only Wy is non-vanishing. The system (with left-hand side zero) reduces to

0= —3X0\IJ2, 0= 3X2\Ij2;
which is satisfied by xo = x2 = 0 and x; arbitrary. We may write
Mapoar =V aralapocy), (3.7)
where « is an arbitrary complex field. To summarize, we have the following solutions:
Type 0:  Lapcar = Var(axBo)
for arbitrary symmetric x4p.
Type N Lapca =V [—%LBOC) + OéOBOC)]
for 04 principal, ¢ arbitrary with o4t = 1, a arbitrary.

Type I1I: LABC’A’ = _VA’(A(LBOC))

for 04 and ¢p principal with oat? =1.
Type D:  Lapcar = Lapca + Vaalaipocy)

for L ABc A Lanczos potential, 04 and ¢p principal with o ALB = 1, a arbitrary.
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At this point it is interesting to consider how many degrees of freedom we have in these
solution. For conformally flat space, x 4p is arbitrary (apart from symmetry), so we have six
(real) degrees of freedom. This exacerbates the complete differential gauge freedom.

For Petrov type N, we have two degrees of freedom in the complex field «, and another
two in the choice of a normalized ¢4, for a total of four degrees of freedom. For Petrov type
I, we have only a single solution, without any degrees of freedom. For Petrov type D we
don’t have a (general) solution, but given one, the field o would give us two additional gauge
degrees of freedom.

The solutions derived here have been given by various authors in a number of different
forms. The solution for conformally flat space was first given by Torres [32], using a different
derivation which will be discussed in section 3.3. The gauge solution for type D spacetimes
was also given by Torres [33]. The spinor forms of the type III and type N solutions (albeit
without the additional field «), have first appeared in [5]. Previously, they were derived in
[6] by means of the Newman-Penrose formalism, in which case the type III solution reads

Lo=r, Li=1p, Lo=—37, Lg=-\

1 1
L4 = 0, L5 = §77 L6 = _§M7 L7 = -V,

(3.8)
and the type N solution differs by a factor % (again without the field «).

If one compares the GHP weights of the Lanczos scalars in (2.22) and the weights of the
spin coefficients in (2.21), one may observe that there is always one Lanczos scalar and one
spin coefficient with the same weight. The solution (3.8) assigns to each Lanczos scalar (up
to proportionality) the corresponding spin coefficient with the same weight. This natural
ansatz makes these solutions easy to obtain using the GHP formalism, where they were first
given in [11].

Conformally flat spacetimes The solution for conformally flat spacetimes is particularly
interesting, because the obtained solution has the full set of differential gauge degrees. As
such, it should always be possible to choose the field x 45, such that the potential is in a
certain differential gauge F4p. We may write this condition as

Fap = VVoaxpe) = 2(Oxap + 2V Via x5 °),
where
VereVa xs" = VC’[CVA]CIXBC + VC’(CVA)C,XBC
= $0xBa — 3AxBa + Xoapex™
and

Xonpx"C = ¥papex®’ — Axas.

Of course, in the conformally flat case we have W = 0, so that the overall condition reduces
to

Fap=3(0—-4A)xap = 3(0— §R)xaB.

For the Lanczos differential gauge Fup = 0 in particular we have ([J — %R)XAB = 0. This
wave equation looks similar to the conformally invariant scalar wave equation (OJ+ %R)qﬁ =0,
but unfortunately differs in sign.

Grimminger [17] investigated solutions to the tensorial equivalent (O —  R)Mg, = 0 of
this equation. For gq, = Q%1 it was found that My, = Q3 Ay, with Ay, antisymmetric and
constant (Agp. = 0) is a solution. However, the Lanczos potential generated from this choice
of M, reduces to Lg. = 0. As such, no non-trivial Lanczos potentials for conformally flat
space-times satisfying the Lanczos differential gauge are currently known.
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3.2 Kerr-Schild spacetimes

A Lanczos potential for Kerr spacetimes has been first given by Bergqvist [9]. With {o%, 14}
referring to a normalized dyad of principal spinors (which exists, because the spacetime is
type D), the Lanczos potential may be written in the form (2.14) with

Lapca =Va” Hpoyas, Hapap = foaoponop,
where e .
. p4 Py, PEPy
p 4
depends on the mass parameter M and the spin coefficient p. This Lanczos potential has a
special property: If we consider

(3.9)

B/
Papca =V~ Hpycap

such that Lapcar = I'(apc)ar, but I' not necessarily symmetric in BC, then the connection
defined by

Vaaés =Vaaép — 20" pantn (3.10)
is flat, i.e., the curvature tensor for this connection vanishes identically. Due to symmetry of
I' on the first two indices, we have that

a E E
Vaaepe = —2I'" paaregc — 2" caneBe = —2'cpaar + 2I'pcaar = 0,

such that the connection V is metric, but not torsion-free.

Bergqvist starts with this flat connection construction, which was already previously
known [10], and shows that it also acts as a Lanczos potential using a relatively lengthy proof
in the GHP formalism. We will instead refer to a later proof by Andersson and Edgar [3],
which is both simpler and applies to a wider range of Kerr-Schild spacetimes.

Andersson and Edgar begin by considering the effect of the choice of the connection in
equation (3.10) on the curvature. As the connection is no longer torsion-free, we are now in
a Riemann-Cartan space, where the spinor decomposition of the curvature

Rabea = [Yapep + 2(epcXpya + €acXp)p) + Meapepc + €acenp)lea precpr
+ ®upciprearsecn + c.c.
has an additional component $A B, and D aparp is O longer necessarily real. The curvature
components of V relate to those of the Levi-Civita connection by:
¥ = — 2V ET — AT g ap” TP
ABCD ABCD A L'BcpyE E(AB CD)E's
3A =3A —VAETAB g, — TpappTBEAF L B TEA I

4540 = VP Tpapye = V" TP pype = 20poip) " TP ayp — W pap) TP s
Sapcrp = Paporp + 2V pTop” 4+ Teppale® 5.

We see that if I' 4 pcyar is a Lanczos potential of W opcp, then the first two terms of U agen
cancel. The following lemma follows immediately:

Lemma 1 (Andersson and Edgar 1998) Given an asymmetric metric connection @AA/
of the form (3.10), any two of the following statements imply the third:

1. U agep =0, i.e., the Riemann-Cartan space is conformally flat.

2. Tpap? TP cpyp = 0.
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3. Lapca =T apcyar is a Lanczos potential of Y apcp-
Returning to the original problem, a Kerr-Schild spacetime has the general form

9ab = Nab + 2flalp,

where [, = 0404/ is a null vector field and f a real scalar field. For the case of the Kerr
spacetime in particular, f is given by equation (3.9) and [, is aligned to a geodesic, shear-free
null congruence. The asymmetric metric connection defined by

B/
Uapca =V~ Hpycap, Hapap = foaopoaop

has been shown to be flat for the Kerr spacetime in [10], and for the general class of Kerr-
Schild spacetimes in [18]. This satisfies the first condition of the above lemma, so it remains
to be shown that FE(ABE/FECD)E/ = 0. We have that

Y B Y B A
Tapcaro™ =Va” [fopyocosopo™] — foujoconop Vg~ o

A’ B’
=—f0(A|000 o V\B)B’OA’-

If 0# is aligned to a geodesic, shear-free null congruence, then o 05 Vggo4 = 0. Thus
we have I' 4pc A/OA/ = 0 and consequently there must be some Mapc such that I'gpoa =
Mapcoar. The desired property then follows directly. By the preceding lemma, we now have
that

Lapca =T apoyn = Va®? [fopocionop]

is a Lanczos potential for any Kerr-Schild spacetime where [, is aligned to a geodesic, shear-
free null congruence. This in particular also includes the Kerr spacetime.

3.3 Spacetimes with geodesic, shear-free null congruence

There are two generalizations of the Kerr-Schild result to a wider class of spacetimes, one by
Andersson [2] and another by Torres [32]. Interestingly, the solution by Torres predates both
the Kerr-Schild solution and the original Kerr solution due to Bergqvist [9].

In both cases, spacetimes that admit a geodesic, shear-free null congruence l, = 0404+ are
considered, under the additional restriction that the Ricci spinor is aligned to this congruence
by ®apapoto? = 0. In terms of NP quantities this means Kk = ¢ = 0 and ®p9 = $g; =
®yy = 0. By the Goldberg-Sachs theorem it follows that ¥g = W1 = 0, so the spacetime must
be algebraically special.

Andersson [2] additionally requires that the null congruence be expanding (p # 0) and
the scalar curvature be constant (A = const). Andersson uses the GHP formalism and the
method of p-integration [1] to approach this problem in multiple steps:

First, Lanczos potentials of the form Lapcar = Mapcoar are considered. Then, this is
restricted to Lapca = V(AB/HBC)A’BH where Haparpr = Qapoarop with Qap = Q(AB)-
In both cases the Weyl-Lanczos equations are integrated, conditions for the functions of
integration are established and it is shown that these can always be satisfied.

Finally, it is considered under what circumstances it is possible to choose @ 45, such that
the asymmetric metric connection defined by I'apcar = V| ;i B)CcA'B/, @8 in the previous
section, has vanishing curvature components. From the preceding Lemma we already know
that ¥ ABcp = 0 must hold. Andersson additionally shows that )y ap = 0. Lastly, it is
shown that a choice of Q45 such that also A =0and & Apa'p = 0 (making the connection
completely flat) exists if and only if A = 0.

While Torres [32] investigates a similar class of spacetimes (without the restrictions p # 0
and A = const) and the same form of potentials, his approach is based on methods from the
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theory of null strings and H-spaces in complex general relativity. As this goes beyond what
can be briefly summarized here, we will only outline the general approach and cite the final
result. We note that in complex spacetimes, objects that were previously related by complex
conjugation split into independent objects, for example ¥ and ¥ become the independent
quantities ¥ and 0.

If the complex extension of the spacetime is considered, then it is known (for the given
class of spacetimes), that there exists a congruence of totally null 2-surfaces (all tangent
vectors of which are null), called a null string [30]. This null string induces a natural spinor
structure [15], which, given a specific choice of null tetrad, allows the metric and curvature
to be expressed in a certain form. Torres reformulates this in a covariant representation [31],
whereby the metric may be written

d82 — Od82 + ¢72QA’B’OCODQCAIQDB/7
where ds? = 2¢~2dg? dp 4/ is conformally flat, with ¢ being a complex field and ¢?', pA" being
complex coordinates. €)4/ps is symmetric and gAB/ refers to a certain cotangent null tetrad
(in terms of which ds? = —%gAB/gAB/). Given this representation, the Lanczos potential L
of U is given by N

Lapcor =3V’ [0 Qpicnoros),

which is of the same form as considered by Andersson. As a special case of this result, Torres
also gives the Lanczos potential for conformally flat spacetimes, which was already discussed
in section 3.1.
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Chapter 4: Discussion

The topic of this thesis was the spinorial formulation of the theory of Lanczos potentials. We
have seen that many results can be more easily obtained and more compactly expressed in
the spinor formalism. The reason for this simplification is presumably that the Weyl spinor
possesses much simpler symmetry properties than the Weyl tensor.

We have discussed a number of properties of the Lanczos potential, the most important
of which is the Illge wave equation, which plays an integral part in proving existence and
uniqueness of the Lanczos potential. The formulation in the related NP and GHP formalism
was also considered. Finally, a number of spinorial solutions, which are applicable to a
relatively wide class of spacetimes, have been discussed.

Of course, the question that is ultimately most interesting, is to what degree the use of
Lanczos potentials (be it using spinors or tensors) is useful in solving gravitational problems
and whether these potentials hold any deeper physical significance.

In this context, the Lanczos potential is commonly seen in analogy with the electromag-
netic (EM) potential [28]: The EM tensor may be written Fy, = V|, Ay, where A is the
EM potential, and satisfies the field equation V*F,, = J,, where J, is the source current.
Similarly, the Weyl tensor may be written Copeq = f(VeLfgn), and satisfies the field equation
VeCuped = Jpeqd (Bianchi identity), where Jy.q is constructed from derivatives of the Ricci ten-
sor. The Lanczos differential gauge V¢L,,. = 0 may be seen as the analogon of the Lorentz
gauge V?A, = 0. In vacuum and Lorentz gauge, the EM wave equation reduces to [JA4, = 0.
Similarly, in vacuum and Lanczos differential gauge the Illge wave equation is (L. = 0.

Clearly, there are many similarities between the EM potential and the Lanczos potential.
But while the EM potential has proven to be decidedly useful for solving EM problems
and, through the Aharonov-Bohm effect, has acquired physical significance beyond a mere
mathematical tool, the same cannot be said of the Lanczos potential. Most publications in
this field deal with finding Lanczos potentials for specific spacetimes, while useful applications
are few and far between. To give two examples:

For the Kerr solution discussed in section 3.2, Bergqvist expresses a quasilocal momentum
in terms of the Lanczos potential [9]. As this construction depends on the flat asymmetric
metric connection from which the Lanczos potential is induced, and has been given in terms of
that connection previously [10], the role of the Lanczos potential itself is somewhat tenuous.

Roberts [28] investigates whether the Lanczos potential may exhibit something similar
to the Ahoronov-Bohm effect in a quantum gravitational setting. However, the result is
inconclusive. Of course, other attempts at interpretation exist, but nothing stands out as
particularly convincing.

A significant roadblock to the practical applicability of the Lanczos potential is probably
the circumstance that no general approach to finding a Lanczos potential for a given spacetime
is known (and the same holds true for enforcing the Lanczos differential gauge). Solutions for
many specific spacetimes and spacetime classes are known, but derivations use a wide range
of different methods, which are specific to the considered geometry and not unifiable in any
obvious manner.

While Lanczos’ original derivation based on variational calculus seems to imply a deep
physical significance of the Lanczos potential, Bampi and Caviglia first showed that the
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Lanczos potential is not connected to the role of the Weyl tensor as a curvature component,
but rather is a result of its algebraic symmetries. Illge later showed that the Lanczos potential
is only one of rather general class of spinor potentials.

Especially in light of this, it is my personal suspicion that the Lanczos potential is more
of a mathematical curiosity, than a fundamental object with a profound physical significance.
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Appendix A: Proofs

A.1 Alternative derivation of spinorial Weyl-Lanczos equa-
tion

The equivalence of the tensorial Weyl-Lanczos equation (2.1) and the spinorial equation
Wapep = 2VF (ALpcp)yp was shown in section 2.2 based on a simple symmetry argument.
Here a proof through explicit algebraic manipulation will be given instead. This approach
is much more tedious (at least if the Lanczos algebraic gauge is not imposed), but serves to
illustrate the somewhat non-trivial way in which the tensorial symmetries translate into the

spinorial ones.
A'B’' .C'D’
€ )

We will start from the Weyl-Lanczos equation already transvected with e as
given in equation (2.6):
4V =2VpY'L 2V L VAL AL
ABCD = 2V p~ Lapcc +2Ve™ Lappp + 2V Lepaa +2V A~ Leppp
— seace” P (Lpppp + Lppsp) — seane® © (Lppcc + Locppr) (A1)
— Leppe (Lawcer + Lecraw) — sepee® (Laawpp + Lppraar)

4 KK'LL
-3Vl kk'(€Ac€DpB + €ADECB)-

We remind that we have defined L4 := Lag® 4 and due to the cyclic property Laar = L.
Furthermore we use
Lab = La"px — Lo 1.

In spinor form the latter corresponds to

/

Laapp =VepLaa®™ gp —Vep Laa™F gp
=Vep (La¥ppea™ + Tat ppea®) — Vep (Lafppea” + La¥ ppea®)
=Vep(La¥spea® + Ta¥ ppea®) +2Vpp Law,
where in the last line the cyclic property has been used. We observe that
Laap™ =Vep (LaPpVea® + TaP M pea?) + 2V Law
= VEE/(LAEBE/ + LBE,EAE) + QVBA/LAA/

= VepLaPs" + Vap Lp® —2VpmLa¥,
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where again the cyclic property has been used. We now consider the following expression:

A'B A Al
(Laa'Bp + Lppraar)e =Laap” —Lpaa

=VepLa%s" + VapLp® — 2VppLa¥
~ Ve LpPa” = VppLa® +2Vap Lp"
= Ve LaPp? — Vep Lp®s¥ +3Vap L — 3Vpp La"
= QVEE’L[AEB]E/ + 6V[A|E’|LB]E/
= Ve Lp"PY e 45+ 3Vpe LPP eqp

/

= 4VEE/LEE €EAB-

For the last term of the Weyl-Lanczos equation we have

KK'LL' K K'L | 7KL K
Vi LM g = Vg (LR e + L7 oee™t)

=2V LM,
again exploiting the cyclic property. Inserting the obtained expressions into (A.1) we get

40 spcp =2V Lapeer +2Ve? Lappp + 2V Lepaa +2Va? Leppp
—2ea0VEr L epp — 24pV e L epc
—2eppVEr LY eac — 2epcVEr L eap
— 2V LE¥ (eacepn + eapecn)
=2VpY Lapccr +2Ve? Lagpp +2V5Y Lepaa +2Va? Loppp
+ 4V e L (eacens + eapecn)

and consequently

Uapep = 2(Vp¥ Laper + Ve Lagpe + V" Lepap + Va” Lopprp) (A.2)

+ 2V LY e pcep)s.
Defining Napep = VAE/LBCDEr as a shorthand, the last term may be expanded in the

following manner:

/

Vee LPY eacepys = —5Np"r" (cacenB + €pBeac + €apeéc + €cBeAD)
= —(Ncyps) + Npsjjac) + Napjes) + Niesjap)
= —1(Nacps — Nacsp — Ncaps + Neasp

+ Nppac — Nppca — Nepac + Nepca
+ Napcs — Nappc — Npacs + Npase
+ Nepap — Nespa — Npoap + Ncepa)
= —2(2NacpB + 2Ncasp + 2Npasc + 2Npepa
— Napcp — Noeaps — Nppca — Npapc
— Nappc — Npacs — NoBpa — NBacp)-

Inserting this back into (A.2), we find that these terms combine precisely so as to form a full
symmetrization operation:
v =112V ,F'L =2V PL
ABCD = § (A~ LBCcD)E (A~ LBCD)E!-

Thus we arrive at the usual spinorial Weyl-Lanczos equation.
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A.2 Relation between spinor and tensor ansatz for some al-
gebraically special spacetimes

Section 3.1 discusses solutions obtained from the ansatz Laipca = %V A/(AXBC), Which is

based on a tensor ansatz previously investigated by Chrobok [12]. We will now establish how

these are related and also compare the obtained expressions for the Weyl-Lanczos equation.
We start from the tensor ansatz

Labc = 2Mab;c + Mcb;a - Mca;b + gcaMbk;k’ - gchak;k7 (AS)

where M,y is antisymmetric. It is readily verified that this satisfies the symmetry properties
and is in Lanczos algebraic gauge. Due to antisymmetry (and reality), the spinor form of
M, decomposes as

Maa BB = XABEA'B' + X A'B/€AB;

where xap = X(ap)- Writing equation (A.3) in spinor components gives

Lapccrean + Lapoceap = 2Voor (xaBeas + Xap€aB)

+ Vaa(XcBeoB + XcrprecB)

— Vp(Xcaccra + Xcrar€ca)
+ecacoaVir (xpes™ +xp5 eg)

!

K K - K. K
—ecpec'B Vg (XA ea™ +Xa " €a)

and transvection with 4’5’ yields

2L apccr = 4VeoorxaB +Vacxe + Veorxca
+ VAA’YC/A €ECcB + VBB’YC/B €ECA (A4)

—ecaVkoxs™ —ecaVprXe™ — eoViexa™ — eoVaxxo™

As the ansatz (A.3) is in Lanczos algebraic gauge, we must have Lapccr = Liapcoycr- Ap-
plying the symmetrization to (A.4), all the terms containing €45 vanish and the first three
terms combine into

Lapcer = 3Veraxao)-

This matches the spinor ansatz up to a normalization factor of 1/12.

After a lengthy calculation, Chrobok reduces the Weyl-Lanczos equation for the ansatz
(A.3) to

k k k k
Cabed = 3(C™piacMiq — C" gae My + C" gpa Mie — C cpaMyq). (A.5)
.. . . . . 1/ 12 aYi
Writing the first term in spinor components and transvecting with €45 ¢“"?’ | we have
k A'B'_C'D' K K' K K
C"paeMpqe™ 7 € = (V" gpce™ peper + V' piprcr€e” Bepe)
. A/B/ C/D/
(XKAEK A + XK A €EKA)E €
IB/

= 20X e pr(xrackia + X area)e?
= —4¥% gpoxka.
With analogous calculations for the remaining terms, the transvected equation (A.5) becomes
4V apop = =3 - 4(¥* popxra + V¥ apoxks + ¥ ppaxke + ¥ cpaxkp)
=344V 1pc" xp)K-

Adjusting for the different normalization, this matches our result Yapcp = V¢ Ao XD)K
up to a sign.
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